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Abstract

The photophoretic force in the free-molecular regime has been calculated for a spherical particle using the Lorenz±

Mie solution to the electromagnetic ®eld within the particle. The temperature distribution on the surface of the sus-

pended particle is calculated using a ®nite di�erence method. The e�ect of the complex refractive index m � n� ik and

the normalized size parameter de®ned as a � 2pa=k on the photophoretic force and particle velocity are also examined.

We show that for a 1 solar constant illumination, the photophoretic forces might be as high as 20% of the weight of the

particles considered. Ó 2001 Published by Elsevier Science Ltd.

1. Introduction

Photophoresis owes its existence to a non-uniform

temperature distribution of an illuminated particle in a

gaseous medium. Although the photophoretic e�ect has

been known for long time, there is a multitude of recent

publications on the general phenomenon [1], introducing

complex particle structures [2,3] or transient heating [4].

Photophoresis has important applications in particle

trapping and levitation [5,6], in the ®eld-¯ow fractiona-

tion of particles [7], in the determination of the thermal

conductivity and temperature of microscopic grains

[8,9], and in the transport of soot particles in the at-

mosphere [10,11].

In a discussion of radiometric forces, it is conve-

nient to recognize three di�erent ¯ow regimes depend-

ing on the pressure of the gas and the size of the

suspended particle. The similarity parameter that gov-

erns these di�erent regimes is the Knudsen number,

de®ned as Kn � l=a, where l is the average mean free

path of the gas molecules and a is the radius of the

sphere. The photophoretic force increases as the

presssure is reduced in the continuum regime where the

Knudsen number Kn� 1. It reaches its maximum

value in the transition regime when Kn � 1. As the

pressure is further decreased, the photophoretic force

will decrease proportionally with the gas pressure. This

regime is called the free-molecular regime where the

Knudsen number Kn is much greater than one. For the

situation where the average mean free path of the gas

molecules is much larger than the particle radius, that

is for high Knudsen number ¯ows, the photophoretic

force can be calculated by considering the momentum

transfer to and from the surface of the particle [12±14].

For gas-suspended spherical particles, photophoresis

may result in a particle movement either away from or

toward the light source. For positive photophoresis, the

illuminated side is hotter and the movment is in the

direction of the light beam; for negative photophoresis,

the shaded side is hotter and the particle moves toward

the light source.

2. Theory

The uneven temperature distribution on the surface

of the particle depends on the source function

International Journal of Heat and Mass Transfer 44 (2001) 1649±1657
www.elsevier.com/locate/ijhmt

* Corresponding author.

0017-9310/01/$ - see front matter Ó 2001 Published by Elsevier Science Ltd.

PII: S 0 0 1 7 - 9 3 1 0 ( 0 0 ) 0 0 2 3 0 - 1



representing the distribution radiant-energy absorption

[15]. This source function is de®ned as

Q�r; h� � 4pnkI
k
jE�r; h�j2
jE0j2

� 4pnkI
k

B�r; h�; �1�

where n and k are the real and imaginary parts of the

complex refractive index of the particle, k the wave-

length of the light, I the intensity of the light source and

E�r; h� is the electric ®eld within the particle. E0 is the

incident electric ®eld strength and B�r; h� is the non-di-

mensional electric ®eld distribution function.

The starting point for a theory of photophoresis must

be the determination of this source function in terms of

the non-dimensional electric ®eld represented by B�r; h�
in Eq. (1). The particle geometry and coordinates are

depicted in Fig. 1. In this ®gure, a monochromatic,

parallel, linearly polarized wave propagating along the

Z-axis illuminates the spherical particle.

For micron-sized particles where the radius of the

particle is comparable to the wavelength of the light

source, the radiation absorption will be distributed

within the entire volume of the illuminated particle

[16,17]. For a highly absorbing particle with a diameter

much larger than the wavelength k, the absorption of the

energy will most likely occur on the illuminated surface

and in the irradiated hemisphere with a resulting force

directed away from the light source. This is referred to as

positive photophoresis. For a less absorbing particle

however, the irradiated energy can be deposited

anywhere within the particle depending on the normal-

ized size parameter a � 2pa=k and the complex refrac-

tive index m � n� ik of the particle. This may result in a

negative photophoretic force if the shaded particle sur-

face and hemisphere absorb most of the radiation, in

which case the particle moves toward the light source.

Nomenclature

A sphere radius

B non-dimensional electric ®eld distribution

function

cp speci®c heat of the particle

D aerodynamic drag

E electric ®eld distribution function

E0 incident electric ®eld strength

Fp photophoretic force

H energy ¯ux

I light source intensity

k imaginary part of the complex refractive

index

kp thermal conductivity of the particle

Kn Knudsen number

l average mean free path of the gas

molecules

m complex refractive index

n real part of the complex refractive index

P gas pressure

Q heat generation function

r radial direction

R speci®c gas constant

T temperature

�u average molecular speed of gas molecules

Vp photophoretic velocity

X,Y,Z rectangular coordinates

Greek symbols

a normalized size parameter

� emissivity of the particle

h elevation angle

k wavelength of the light source

l dynamic viscosity of the gas

q density

r Stefan±Boltzmann constant

/ azimuthal angle

Subscripts

c conduction

g gas

i incident

p particle

r re¯ected

rad radiation

Fig. 1. Geometry of illuminated particle for analysis.
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The internal electrical ®eld was calculated through

the use of Ricatti±Bessel functions, Legendre functions,

and their derivatives. To obtain a su�ciently accurate

internal ®eld distribution for spherical particles in

practical calculations, reliable numerical techniques are

of crucial importance. Minor errors in the total rate of

energy absorption will completely distort the tempera-

ture distribution within a particle and the associated

photophoretic force. The normalized source function

Q�r; h� given by Eq. (1) depends strongly on the size

parameter and the complex refractive index of the illu-

minated sphere. The pattern of the distribution of ab-

sorption centers in the sphere changes dramatically with

the change in size and refractive index. Fig. 2 shows the

non-dimensional electric ®eld B�r; h� for the X±Z plane

�/ � 0� of the particle for di�erent size parameters and

refractive indices (mind that for a better perspective, the

r and h axes are exchanged in Figs. 2(c) and (d) with

respect to Figs. 2(a) and (b)). The electric ®eld vector

points in the Y-direction and the light is propagating in

the Z-direction from negative (at the front side of the

particle) to positive (at the back side of the particle).

Since the present work aims at the photophoretic be-

havior of spherical particles, we only give brief de-

scription of the trends of the source function in terms of

the non-dimensional electrical ®eld. The calculation of

the heat source function both for single spheres and for

aggregates has been studied extensively by [3].

The non-dimensional electric ®eld for a size par-

ameter of 2.0 and a refractive index of m � 1:95ÿ 0:3i

is shown in Fig. 2(a). For this combination of size

parameter and refractive index, the electric ®eld is clearly

dominant on the shaded side of the particle. This would

result in what is termed as negative photophoresis. Re-

call from Fig. 1 that h � 0 corresponds to the shaded

side of the illuminated particle. In Fig. 2(b), the refrac-

tive index of the particle is kept constant while the size

parameter a is increased to a value of 2.6. In this case,

both the illuminated and the shaded hemisphere of the

particle absorb radiation, with the highest absorption

Fig. 2. Non-dimensional electric ®eld B�r; h� for a sphere having a size parameter a and a refractive index m of: (a)

a � 2:0; m � 1:95ÿ 0:3i; (b) a � 2:6; m � 1:95ÿ 0:3i; (c) a � 4:0; m � 1:95ÿ 0:3i; (d) a � 6:0; m � 1:95ÿ 0:3i. Mind that for a

better perspective, the r and h axes are exchanged in (c) and (d) with respect to (a) and (b).
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remaining in the shaded hemisphere. As the size

parameter is further increased, the absorption in the il-

luminated hemisphere is strongly accentuated while the

absorption in the non-illuminated hemisphere becomes

negligible. This is shown in Figs. 2(c) and (d). Hence the

photophoretic force changes its direction from negative

to positive.

Although the internal ®eld distribution and thus the

direction and magnitude of the photophoretic force are

highly dependent on the physical parameters of the

particles, changing from particle to particle, some con-

clusions may nevertheless be drawn. For highly ab-

sorptive particles, that is, spheres having a large value of

the imaginary part of the refractive index, the incident

radiation can hardly penetrate, and absoption occurs

principally on the illuminated surface and in the illu-

minated hemisphere of the particle. For highly absorp-

tive particles of a large-size parameter, the illuminated

surface and hemisphere absorb most of the radiation,

leading to positive photophoresis. However, it should be

noted that the e�ects of the size parameter, a, the real

and imaginary part of the refractive index n and k on the

source function are interrelated.

3. Analysis

Consider a spherical particle of radius a suspended in

gas with a pressure Pg and a temperature Tg and il-

luminated by a light beam of intensity I. It is assumed

that the direct interaction of the light source with the

surrounding medium is negligible. The temperature

distribution Tp within the suspended particle is governed

by the unsteady heat conduction equation given by

qpcp

oTp

ot
� kpr2Tp � Q; �2�

where qp, cp and kp are the density, speci®c heat and

thermal conductivity of the particle, respectively. Q is

the heat source produced by electromagnetic wave ab-

sorption de®ned by Eq. (1).

Neglecting the / dependence of the temperature

distribution of the particle and writing the heat con-

duction equation in spherical coordinates, Eq. (2) takes

the form

qpcp

oTp

ot
� kp

1

r2

o
or

r2 Tp

or

� ��
� 1

r2 sin h
o
oh

sin h
oTp

oh

� ��
� Q�r; h�: �3�

By using the Maxwellian distribution function for the

incident and re¯ected gas molecules from the surface of

the particle, the local energy ¯uxes can be calculated.

The boundary condition on the surface of the illumi-

nated sphere is the sum of the incident energy ¯ux Hi,

the re¯ected energy ¯ux Hr, the heat ¯ux by conduction

within the particle Hc, and the heat ¯ux due to radiation

to and from the surface of the particle Hrad.

Assuming that the surrounding medium is stationary,

kinetic theory [18,19] provides rather simple expressions

for the energy ¯uxes of the incident and re¯ected gas

molecules given by Eqs. (4) and (5). The average

molecular speed of the gas molecules �u is given by

Eq. (6) with R being the speci®c gas constant

Hi � 1

2
P �u; �4�

Hr � 1

2
P �u

Tp

Tg

� �1=2

; �5�

�u �
������������
8RTg

p
:

r
�6�

The surface radiation energy ¯ux Hrad is given by Ste-

fan±Boltzmann law and takes the form

Hrad � �r T 4
p

�
ÿ T 4

g

�
; �7�

where the ®rst part represents the radiation from the

surface of the particle to the surrounding medium and

the second part the radiation from the gas to the par-

ticle. The emissivity of the particle is denoted by � and r
is the Stefan±Boltzmann constant. The heat conducted

from the particle surface is

Hc � ÿkp

oTp

or

� �
r�a

; �8�

where kp is the thermal heat conductivity of the particle.

Hence the boundary condition at the surface of the

particle is given by

Hi ÿ Hr ÿ Hrad � Hc � 0: �9�
Once the heat generation function Q is determined, the

temperature distribution Tp within the particle can be

calculated through Eq. (3) with the boundary condition

given by Eq. (9).

In the free-molecular regime, the incident momentum

based on the free-stream gas temperature is uniform

over the entire surface of the particle and it makes zero

contribution to the force. It is the uneven re¯ected mo-

mentum that results in the photophoretic force. As-

suming that all the molecules are re¯ected di�usely from

the surface of the particle, the pressure due to re¯ected

molecules is given by

Pr � 1

2
P

Tp

Tg

� �1=2

: �10�

Hence the photophoretic force will take the form

Fp � ÿpa2P
Z p

0

Tp

Tg

� �1=2

cos h sin h dh; �11�
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where the sign of the force is chosen such that Fp is

considered positive in the direction of the propagating

light. The photophoretic velocity Vp can be obtained by

equating the photophoretic force given by Eq. (11) to

the local aerodynamic drag on the body. The aerody-

namic drag on the spherical particle is expressed as

D � 6plVpa
1� Kn c1 � c2eÿc3=Kn� � ; �12�

where c1 � 1:20; c2 � 0:41; and c3 � 0:88 [15].

4. Results

The temperature distribution for a spherical particle

with a refractive index of m � 1:95ÿ 0:3i and two dif-

ferent size parameters is shown in Fig. 3 (mind that for a

better perspective, the r and h axes are exchanged in

Fig. 3(b) with respect to Fig. 3(a)). The non-dimensional

electric ®eld B�r; h� for the same combination of size

parameter and refractive index was previously shown in

Figs. 2(a) and (d). The normalized size parameter a is

varied from 2 to 6 while the gas pressure is kept constant

at 10 Torr or 1330 Pa. The light intensity is put equal to

the solar constant, 1353 W/m2. The speci®c heat cp,

particle density qp, thermal conductivity kp and gas

temperature Tg are 840 J/kg K, 1900 kg/m3, 5.0 W/mK,

and 273 K, respectively. For the particle considered, the

angle h � 0 corresponds to the shaded or non-illumi-

nated side of the particle, while h � p represents the

front surface of the sphere. For the ®rst case with a size

parameter of 2.0, the absorption center is located on the

shaded side of the particle, resulting in higher tempera-

tures on the non-illuminated hemisphere as shown in

Fig. 3(a). Hence a negative photophoretic force is ex-

erted. As the normalized size parameter is increased to a

value of 6, the absorption peaks will move towards the

front side of the suspended particle as shown in Fig.

2(d). This behavior is clearly demonstrated in Fig. 3(b)

showing higher temperatures on the front side of the

particle. Hence a positive photophoretic force is ob-

tained. Note that the di�erence between the temperature

within the particle and the gas temperature, Tp ÿ Tg

ranges only from 0.04 to 0.05 K. Hence a small tem-

perature di�erence is su�cient to induce a photophoretic

force on the spherical particle.

Fig. 4 shows the behavior of the photophoretic force

for various refractive indices versus the normalized size

parameter a. In Fig. 4(a), the photophoretic force Fp is

shown for two di�erent refractive indices versus the size

parameter. In this case, the imaginary part of the re-

fractive index k is kept constant at a value of 0.001 while

the real part n is increased from a value of 1.33 to 1.95.

The photophoretic force is negative almost over the

entire range of size parameters considered both for

m � 1:33ÿ 0:001i and 1:95ÿ 0:001i. For m � 1:33ÿ
0:001i, the magnitude of the photophoretic force in-

creases smoothly with a up to a size parameter of 5.0,

where oscillations start to occur. For m � 1:95ÿ 0:001i,

the oscillations start to occur at a value of a � 2:5.

Hence for higher values of the real part of the refractive

index, the onset of oscillations occur at lower values of

the size parameter. Furthermore for small values of the

size parameter, the higher the real part of the refractive

index, the larger is the magnitude of the photophoretic

force.

Increasing the imaginary part of the refractive index

to a value of 0.05, the oscillatory behavior of the pho-

tophoretic force is even more dominated. This is shown

in Fig. 4(b) for m � 1:33ÿ 0:05i and 1:95ÿ 0:05i. In

Fig. 4(c), the imaginary part of the refractive index is

further increased to a value of 0.3. Here the photo-

phoretic force is initially negative for the smallest values

of the size parameter and then becomes positive with

Fig. 3. Temperature distribution inside a spherical particle having a size parameter a and a refractive index m of: (a)

a � 2:0; m � 1:95ÿ 0:3i; (b) a � 6:0; m � 1:95ÿ 0:3i. Mind that for a better perspective, the r and h axes are exchanged in (b) with

respect to (a).
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increasing a. For m � 1:33ÿ 0:3i, the oscillations are

completely damped out while there still remains some

oscillations for m � 1:95ÿ 0:3i. For these highly ab-

sorptive particles with a large size, the incident radiation

can hardly penetrate and the absorption occurs only in

the front hemisphere of the particle, leading to positive

photophoresis. Please note that the magnitude of the

photophoretic force has increased with increasing k for

these combinations of refractive index and size param-

eter.

Fig. 5 shows the photophoretic force to weight ratio

Fp=Wp versus the normalized size parameter for

m � 1:33ÿ 0:3i and 1:95ÿ 0:3i. It is interesting to note

that for a refractive index of 1:95ÿ 0:3i and a normal-

ized size parameter of 4.4, the photophoretic force might

be as high as about 20% of the weight of the particle

considered. It is the authors' belief that even larger

forces might be obtained with more suitable combina-

tions of the refractive index and size parameter.

The photophoretic velocity Vp is obtained by equat-

ing the photophoretic force given by Eq. (11) to the local

aerodynamic drag on the body given by Eq. (12). The

sign convention on the photophoretic velocity Vp is

chosen such that a particle movement in the direction of

the light source is considered positive. Fig. 6 shows the

photophoretic particle velocity for various refractive

indices versus the size parameter. Since the particle

velocity Vp is directly proportional to the photophoretic

force through Eq. (12), it exhibits similar behavior as the

photophoretic force. The highest photophoretic particle

velocity obtained is about 8� 10ÿ6 m/s for a refractive

index of 1:95ÿ 0:3i and a size parameter of 5.8.

In Fig. 7, the present work is compared to the results

of Kerker and Cook [19]. In this ®gure, the photo-

phoretic force is calculated based on the same parame-

ters as given by [19]. The normalized size parameter a is

varied from 2 to 6 while the gas pressure is kept constant

at 10 Torr or 1330 Pa. The light intensity is put equal to

the solar constant, 1353 W/m2. The light wavelength k,

speci®c heat cp, particle density qp, thermal conductivity

kp and gas temperature Tg are 0.6 lm, 840 J/kg K, 1900

kg/m3, 5.0 W/mK, and 273 K, respectively.

Although the trends and the behavior of the

potophoretic force calculated in the present work are

quite similar to the results presented by [19], the

magnitude of the photophoretic force does not seem to

Fig. 4. Photophoretic force Fp versus size parameter a for refractive indices (a) m � 1:33ÿ 0:001i; 1:95ÿ 0:001i; (b) m � 1:33ÿ
0:05i; 1:95ÿ 0:05i; (c) m � 1:33ÿ 0:3i; 1:95ÿ 0:3i.
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match. It is interesting to note that the calculated

photophoretic forces by [19] are about 2� 104 smaller

than the results in the present work. Kerker and Cook

[19] state that their calculated photophoretic forces are

within 2±4% of the gravitational forces in the size range

a � 3±4 for particles with the densities of carbon and

Fig. 6. Photophoretic particle velocity Vp versus size parameter a for refractive indices (a) m � 1:33ÿ 0:001i; 1:95ÿ 0:001i;

(b) m � 1:33ÿ 0:05i; 1:95ÿ 0:05i; (c) m � 1:33ÿ 0:3i; 1:95ÿ 0:3i.

Fig. 5. Photophoretic force to particle weight ratio Fp=Wp versus size parameter a for refractive indices m � 1:33ÿ 0:3i; 1:95ÿ 0:3i.
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water. For a particle density of 1900 kg/m3, a light

wavelength of 0.6 lm, and a size parameter of 4,

the particle weight is 4:4� 10ÿ15 kg. Assuming that the

photophoretic forces are 2±4% of the weight of the

particle, Fp ranges from 8:7� 10ÿ17 to 1:7� 10ÿ16 and

is not the order of 10ÿ21±10ÿ22 as presented by Kerker

and Cook [19]. Hence it is believed that Kerker and

Cook [19] made an error in presenting their results.

Disregarding the di�erences in the magnitude of the

photophoretic forces, there is good agreement between

the present analysis and the work by [19]. However, as

the size parameter becomes larger, there appear obvi-

ous di�erences between our results and those of Kerker

and Cook [19]. Such an example is shown in Fig. 7(c)

where higher oscillations are achieved in our calcula-

tions. For a large-size parameter, the calculation of the

source function requires the evaluation of higher orders

and degrees Ricatti±Bessel functions, which may cause

larger numerical errors. This may be the reason that

some approximations work reasonably well at low-or-

der function calculations and are not su�ciently ac-

curate at higher orders [3].

5. Conclusions

In this study, we have calculated the photophoretic

forces on spherical particles of various refractive indices

and size parameters in the free-molecular ¯ow regime

and for 1 solar constant illumination. It has been shown

that for speci®c refractive indices and size parameters,

the photophoretic force can amount to as much as 20%

of the particle weights; this means that a substantial size/

refractive index discrimination may occur in natural or

arti®cial environments such as the upper atmosphere or

in experiments under reduced gravity conditions.

Although absolute particle velocities due to photo-

phoresis are quite small (few microns/s), the net e�ect

of an additional particle motion may not be negligible;

for micron-sized particles, the velocity due to Brown-

ian motion is typically 1 mm/s and thus much larger

than the photophoretic velocity; however, photopho-

resis is a directed motion whereas thermal motion is a

di�usive motion, so that the drift distance due to

photophoresis might be substantially larger than the

thermal di�usion.

Fig. 7. Comparison of the present work with the results of [19]. Photophoretic force Fp versus size parameter a for a refractive index of

m � 1:33ÿ 0:001i; (b) of m � 1:95ÿ 0:001i; (c) of m � 1:95ÿ 0:3i.
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